In the core of a tokamak, turbulent transport normally dominates over neoclassical. The situation could be different in a high confinement (or H) mode pedestal, where the former may be suppressed by a strongly sheared equilibrium electric field. On the other hand, this very field makes conventional neoclassical results inapplicable in the pedestal by significantly modifying ion drift orbits. We present the first calculation of the banana regime neoclassical ion heat flux and poloidal flow in the pedestal accounting for the strong ExB drift inherent to this tokamak region.
Introduction
The neoclassical theory of plasma transport considers transport processes that are due to the nonuniformity of the confining magnetic field. In the original work by Galeev and Sagdeev in 1968 {{83 Galeev, A. A. and Sagdeev R. Z. 1968}} it was pointed out that such non-uniformity results in more complicated particle trajectories as compared to simple Larmor orbits in straight magnetic field line geometry. More specifically, they observed that in toroidal magnetic fields the gyrocenters of these orbits perform cyclic motion that allow them to depart noticeably from their reference magnetic field surface. In a tokamak, particles can be classified as either trapped or passing based on the character of their gyrocenter trajectory. In particular, the poloidal projection is banana like for the former and an off-center circle with respect to the reference flux surface for the latter. These orbits of particle gyrocenters are often referred to as drift surfaces. is the poloidal magnetic field. Accordingly, in the so-called "banana regime", in which collisions are rare enough for an ion to circulate several times over its neoclassical orbit before being scattered, it is pol ρ that defines the elementary diffusive step in contrast to classical transport in a uniform magnetic field that is governed by a step in the Larmor radius SP 1981}}. Extensions to the potato orbits near the magnetic axis have also been considered {{19 Helander, P. 2000; 20 Helander, P. 2002}} . However, all these investigations rely on the Galeev and Sagdeev equations of particle motion, making their results inapplicable to the pedestal case. The reason for this limitation is the strong electric field, present in a subsonic pedestal. It is needed to sustain ion pressure balance, making the ions nearly electrostatically confined {{69 Kagan, G.
2008}}. The strong electric field substantially modifies ion orbits, thereby requiring reconsideration of the conventional neoclassical results. The effect of strongly sheared but weak electric field on neoclassical ion transport in the banana regime, usually referred to as orbit squeezing {{21
Hazeltine, RD 1989}}, was considered in {{43 Shaing, KC 1992}}. However, this model can realistically apply only to a narrow tokamak region, because over a reasonably long distance large field shear results in a large field. Moreover, the recent calculation of the neoclassical polarization in a pedestal, carried out in {{86 Kagan, G. 2009}}, demonstrates that a shear free electric field introduces qualitatively novel features resulting in crucial kinetic implications. Therefore, we are led to investigate the full effect of strong radial electric field on the banana regime neoclassical ion heat flux and poloidal flow to gain insight into transport properties of the tokamak pedestal.
The evaluation of the neoclassical ion heat flux in the tokamak core has been done in a number of ways {{82 Kovrizhnikh, L. M. 1969; 9 Hinton, FL 1976; 84 Rutherford, PH 1970; 80 Rosenbluth, MN 1972; 14 Helander P and Sigmar D J 2002}} . Our calculation of its pedestal counterpart extends the logic outlined in {{14 Helander P and Sigmar D J 2002}} to the retention of a strong radial electric field. To do so, in the second section of this paper we review the effect of this field on particle orbits in the pedestal. The results allow us to proceed to section 3, where we utilize the linearized Rosenbluth form of the full like particle collision operator {{89 Rosenbluth, M.N. 1957}} to derive a model collision operator that is particularly convenient for describing processes near the E B × modified trapped-passing boundary. In the next section we employ the model to solve the kinetic equation with only the neoclassical drive term retained. This solution provides us with the first order correction to the distribution function so that we can continue to section 5 where we explicitly evaluate the neoclassical ion heat flux with the help of the moment approach. The insight developed to calculate the ion heat flux is then employed to determine the parallel ion flow in section 6. Finally, in the last section we discuss implications of these newly obtained results.
Particle orbits in the pedestal
Calculation of the ion orbits in the pedestal has been already presented in [ {{86 Kagan, G. 2009}}, errata] . However, there were errors in the treatment of orbit squeezing because the distinction was not sharply drawn between defining the poloidal × E B drift at a flux surface,
and the poloidal × E B drift along an ion trajectory * u . While being insignificant for the physical implications of the results of {{86 Kagan, G. 2009}}, the distinction between u and * u turns out to be a crucial element for understanding the physics underlying the neoclassical heat diffusion in the pedestal. Namely, u defined on a given flux surface is the parameter to be employed when calculating the moments of the ion distribution function in sections 5 and 6, whereas defining * u on a given drift surface is necessary for estimating the neoclassical heat flux with the help of the random walk argument. Hence, in this section we briefly outline the derivation of particle orbits in the pedestal to emphasize the difference between the two.
First, we recall that in the pedestal the poloidal ion velocity is given by ( )
Next, we assume that the equilibrium electric potential ( ) 0 φ ψ is quadratic and expand it about
Because of the preceding expansion, results of this section can strictly be applied only in the pedestal with a perfectly quadratic potential well. However, providing that the radial extent of the key particle orbits is much less than pol ρ , we can Taylor expand the realistic equilibrium electric potential around a point on the trajectory to extend our solution to the general case.
We assume further that the radial variation of B is weak so that ( ) ( )
we can rewrite (1) as
where 0 R stands for the major radius and finite orbit effects are retained. Defining 
Next, we employ energy conservation
Using (2) 
As a result, we can describe the particle motion solely in terms of θ and θ :
In the Eq. with the help of (7) and solving (10) for θ we obtain ( )
where we assume ( )
with the trapped particles corresponding to 1 κ > and the passing to 0 1 κ < < , and where
the particles of interest are localized around the trapped-passing boundary.
Notice, that *0 u is defined through the electric field evaluated at * ψ . So, the trapping condition (12) is for particles lying on the same drift surface. Physically, it is the collisions of these particles that matter for transit averages and, therefore, when conducting the random walk argument for the neoclassical diffusion coefficient we have to use (12) to estimate the effective collision frequency.
On the other hand, when evaluating the neoclassical heat flux and poloidal flow by taking the
integrals, we need to operate with quantities evaluated on a given flux surface. This distinction results in the effective collision frequency no longer being equal to the collision frequency divided by the square of the trapped particle fraction in the presence of orbit squeezing. To address this issue we introduce
and
where 0 ψ is the outermost point on the particle orbit. To relate 0 u and *0 u we use (2) to write
Then, recalling (5) and (14) we find
and ( )
Inserting (17) in (12) 
where we drop terms small by ε . Also, upon using (17), equation of motion (11) becomes
where we set 
Model collision operator in the pedestal
We start by deriving a model of the like particle collision operator that conveniently describes the collisional transitions across the trapped-passing boundary in the pedestal. In the core of a tokamak, this boundary is a cone centered at the origin of the ( ) ⊥ || , v v plane and therefore to retain neoclassical transport processes in the large aspect ratio limit it is sufficient to use a momentum conserving pitch-angle scattering operator. In a subsonic pedestal with a width comparable to pol ρ , the dramatic density drop gives rise to a strong radial electric field to compensate the ion pressure gradient. The resulting E B × drift enters poloidal ion motion in leading order, thereby modifying particle orbits. Consequently, as shown on Fig 1, the trapped-passing boundary is curved and shifted so that the energy scattering component of the collision operator contributes to neoclassical transport as well.
To capture collisional processes near the trapped-passing boundary in a simple manner it is convenient to employ some function of 2 κ as an independent variable in the model collision operator. Also, it is convenient to choose variables that reduce to the conventional ones, 2 0 2 B v μ and 2 2 v , in the limit of no electric field to make it easier to keep track of the changes associated with the pedestal case. Finally, to simplify solving the kinetic equation it is desirable to have these variables conserved along a single particle orbit.
To this end, it is useful to introduce the variables ( ) ( )
as suggested by structure of (19) along with (7) and (18). As long as particle dynamics is described by equation (19), W and λ are useful constants of the motion through order S ε . Also observe that (18) and (20) give
and therefore
That is, λ can be defined solely in terms of 2 κ and therefore v λ ∇ is orthogonal to the trappedpassing boundary that is located at = 1 κ . As discussed after equation (12), the range < < 2 0 1 κ corresponds to passing particles and > 2 1 κ to trapped so that near the trapped-passing boundary ( )
These ions are the ones of the most concern since we will need to carefully evaluate the portion of the ion distribution function localized to this region.
For many purposes it is convenient to rewrite (20) 
In the following sections this form will be found helpful for evaluating integrals over λ . Here, we employ it to check orthogonality of the variables by evaluating
In the vicinity of the trapped-passing boundary ( )
nearly orthogonal. Thus, we may anticipate that once the collision operator is written in terms of these variables, the main contribution to neoclassical transport will come from the λ ∂ ∂ terms. We proceed by finding an explicit expression for such an operator.
To do so we first recall the Rosenbluth form of the collision operator {{89 Rosenbluth, M.N.
where
with M f a stationary Maxwellian and
The collision frequencies ⊥ ν and || ν are functions of 
Switching to W , λ and gyrophase ϕ variables and writing (26) in conservative form we obtain
where the ϕ ∂ ∂ term is to be set equal to zero since classical effects are ignored. Upon accounting for both signs of ( ) (24) gives the Jacobian of the transformation to be
The model collision operator to be constructed will eventually be applied to g h σ − , where h σ denotes the neoclassical collisional drive term in the kinetic equation, whose explicit momentum conserving form convenient for our purpose we provide in the next section, while g is the neoclassical response to h σ . In the absence of the electric field, g h σ − is localized around the trapped-passing boundary, so that Helander P and Sigmar D J 2002; 80 Rosenbluth, MN 1972;  }}. Assuming that these estimates remain appropriate in the pedestal, equations (24) and (28) give
where due to our orderings we may drop the W ∂ ∂ term. The same reasoning allows us to drop the W ∂ ∂ term on the right side of (31) as well.
To simplify (33) further we use that for the calculation to follow it is sufficient to account only for particles lying in the close proximity of the trapped-passing boundary and therefore we can consider
Thus, we rewrite equation (33) as
to obtain our pedestal collision operator to lowest order to be
The model operator defined by equations (36) -(37) must manifestly conserve momentum. To explicitly display this property, intrinsic to the full like particle collision operator, we introduce a free parameter σ to redefine Γ ⋅ ∇ v λ by
where ( )
with the drive term h defined at the start of the next section. Then, after solving for the first order correction to the distribution function we determine σ such that the operator given by (37) - (38) conserves momentum.
Passing constraint
Now that we have a convenient model of the collision operator we can solve for the first order Setting aside zonal flow phenomenon by omitting the t ∂ ∂ terms and transit averaging, we obtain the neoclassical constraint on the distribution function in the pedestal to be
where the bar on top of the full linearized like particle collision operator denotes transit averaging, g stands for the non-diamagnetic perturbation of the leading order Maxwellian and the neoclassical collisional drive h is defined by
with B I ζ ζ ψ = ∇ + ∇ ×∇ our assumed magnetic field. 
where the integration on the right side must be performed holding * ψ , μ and total energy fixed as indicated by the * subscript on the integral. In the core of a tokamak u is negligible compared to || v and ψ is approximately constant along the ion trajectory. In such a case, equations (40) - (42) reduce to the conventional ones by dropping the u terms and * subscript on the trajectory integrals.
To proceed with solving for g we use the number, momentum, and energy conservation properties of the linearized like particle collision operator to replace the drive term h by
so that for the trapped and barely passing particles (43) becomes
Analogously to the conventional case, for the trapped particles 0 g = since the drive term vanishes upon transit averaging over a complete bounce. The goal of the remainder of this section is therefore to solve (40) for g in the passing region of the ( ) , W λ space.
Employing our model collision operator (37) - (38) along with the fact that λ and W are constants of the motion to the requisite order we obtain
In the banana regime M g f is independent of θ to leading order giving
We observe that due to (23)
Thus, setting
where angle brackets denote the flux surface average such that ( )
Now we can verify the localization assumption made to derive our model collision operator. To do so we form
To estimate the expression on the right side of (51) we flux surface average it and notice that || || 2 2 2 2
We also observe from (21) that at the trapped-passing boundary
However, once λ leaves the ε vicinity of the trapped-passing boundary, 2 κ becomes small and we can Taylor expand the expression on the right side of (52) to find
Thus, for the particles of interest, the λ derivative of the function inside the collision operator in (40) indeed goes like ( )
terms in the equations (31) and (33).
It is necessary to emphasize that because of approximations made, solution (49) is only valid for 1 λ ≈ and should not be applied in the freely passing particle region. Fortunately, the integral for the ion heat flux calculated in section 4 involves the expression (51) rather than g λ ∂ ∂ alone, thereby making the freely passing particles unimportant for the final result. Evaluation of the neoclassical parallel ion flow does not have the same advantage and therefore requires the alternate treatment presented in section 5.
Next, we have to ensure momentum conservation by choosing an appropriate value of σ . That is, we have to find σ such that
where the number conservation property of the full like particle collision operator is employed. To evaluate the right side of (54) we approximate { } C g h − by (37) and use (38) along with (51) to write ( )
Then, we recall (32) and (37) and integrate (54) by parts over λ to obtain ( )
where (48) is used to find ( )
Using (23) we now complete the integration over λ in (63) by employing the technique of {{80 Rosenbluth, MN 1972; }}:
where the lower limit of integration obtained from (20) is unimportant because freely passing particles do not contribute to the leading order result. Then, (56) reduces to
Finally, we introduce a new variable of integration
(58) and solve for σ to obtain ( ) 
where frequencies ⊥ ν and || ν are defined in terms of 2 2 x y Mu T = + by (29).
In the absence of the background electric field = 0 u and 
which agrees with the conventional result {{80 Rosenbluth, MN 1972; 9 Hinton, FL 1976; 14 Helander P and Sigmar D J 2002}}.
Neoclassical ion heat flux in the pedestal
Here we proceed by calculating the neoclassical radial ion heat flux in the pedestal using the moment approach {{14 Helander P and Sigmar D J 2002}} so we need only evaluate
To perform the integration on the right side of (61) we first employ the number, momentum and energy conservation properties of the linearized collision operator to rewrite it as
Now we can continue in a manner similar to the one used in the previous section to find σ . That is, we again replace { } C g h − with approximation (37), then use (55) inside the collision operator and integrate the result by parts using (48) and (44). Then, (62) transforms into
and we can carry out the λ integration with the help of (57) to obtain ( )
Finally, we again substitute y for W to find
where i n stands for the ion density and the parameter σ is provided by equation (59).
To proceed with the analysis we insert expression (29) for the collision frequencies into (65) to 
First, we consider the conventional limit in which = 0 u and 1 S = . In this case, σ is given by (60) 4.14 1.33 erf 
where ( ) 
so that ( ) 
Poloidal ion flow in the pedestal
Based on the technique of the previous sections it is also possible to evaluate the poloidal ion flow in the pedestal. The ion velocity i V is defined by
where the two toroidally directed terms on the right side are diamagnetic and E B × while the parallel term is neoclassical, with ζ the toroidal unit vector. To proceed it is convenient to rewrite (71) further as 
Therefore, we only have to evaluate the last integral on the right side of (72). At this point, the previously mentioned difference between the treatment of the neoclassical ion heat flux and poloidal flow enters. The former is carried by the trapped and barely passing particles, which is mathematically manifested by the integrand in (61) being localized at 1 λ ≈ . This feature is what justifies our procedure of evaluating the ion heat flux because our model collision operator, as well as the resulting solution for the distribution function (49), is derived under the same localization assumption.
However, the integral for the neoclassical ion flow does not have this property. As in the conventional case, freely passing particles are expected to contribute to give the final answer to zeroth order in the S ε expansion. To ensure validity of the calculation we rewrite the last integral on the right side of (72) as follows 
where the integration by parts over λ is completed upon employing the Jacobian (32) with (39), (43), and (59) that are valid for the freely passing particles as well as for the trapped and barely passing. Thus, equation (74) is appropriate for evaluating the neoclassical ion flow in a self-consistent manner.
To proceed with finding an explicit expression for the ion flow we notice that the first integral on the right side of (74) can be evaluated in the same way as the neoclassical ion heat flux in section 5
to give a non-zero answer at first order in S ε . Based on the conventional calculation we anticipate that the overall result for the neoclassical flow is of zeroth order in this expansion parameter and therefore it is the second integral on the right side of (74) that contributes to the leading order flow, whereas the first one is negligible and of the same order as the Having made the preceding comments, the calculation becomes straightforward. We use (39) and (43) to write ( )
